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On δ-derivations of n-ary algebras
I. B. Kaygorodov
Abstract. We give a description of δ-derivations of (n + 1)-dimensional
n-ary Filippov algebras and, as a consequence, of simple finite-dimensional
Filippov algebras over an algebraically closed field of characteristic zero.
We also give new examples of non-trivial δ-derivations of Filippov algebras
and show that there are no non-trivial δ-derivations of the simple ternary
Mal’tsev algebra M8.
Keywords: δ-derivation, Filippov algebra, ternary Mal’tsev algebra.
§ 1. Introduction
The notion of anti-derivation of an algebra, which is a special case of a δ-
derivation, that is, a (−1)-derivation, was considered in [1], [2]. Subsequently the
definition of a δ-derivation of an algebra appeared in [3]. Recall that for a fixed δ
in the ground field F , a δ-derivation of an algebra A is a linear map ϕ satisfying
the condition
ϕ(xy) = δ
(
ϕ(x)y + xϕ(y)
)
(1)
for arbitrary elements x, y ∈ A.
A description of 12 -derivations of an arbitrary prime Lie algebra A
(
1
6 ∈ F
)
with a non-degenerate symmetric invariant bilinear form was given in [3]: it was
proved that a linear map ϕ : A→ A is a 12 -derivation if and only if ϕ ∈ Γ(A), where
Γ(A) is the centroid of A. Hence, if A is a central simple Lie algebra over a field
of characteristic p 6= 2, 3 with a non-degenerate symmetric invariant bilinear form,
then any 12 -derivation ϕ has the form ϕ(x) = αx for some α ∈ F . Filippov [4] proved
that a prime Lie algebra cannot have a non-zero δ-derivation if δ 6= −1, 0, 12 , 1.
It was shown in [4] that a prime Lie algebra A
(
1
6 ∈ Φ
)
with a non-zero anti-
derivation is a 3-dimensional central simple algebra over the field of fractions of the
centre ZR(A) of its algebra of right multiplications R(A). In the same paper, an
example was constructed of a non-trivial 12 -derivation of the Witt algebra W1, that
is, a 12 -derivation that is not an element of the centroid of W1. In [5], δ-derivations
were described of prime alternative and non-Lie Mal’tsev algebras with certain
restrictions on the ring of operators Φ. It turned out that algebras in these classes
have no non-trivial δ-derivations.
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A description of δ-derivations of simple finite-dimensional Jordan superalge-
bras over an algebraically closed field of characteristic zero was given in [6], and
δ-derivations of classical Lie superalgebras were described in [7]. The paper [8] was
devoted to a description of δ-derivations of semisimple finite-dimensional Jordan
superalgebras over an arbitrary field of characteristic different from 2 and of δ-
(super)derivations of simple finite-dimensional Lie and Jordan superalgebras over
an algebraically closed field of characteristic zero. It was shown that the algebras
and superalgebras in [6]–[8] have no non-trivial δ-(super)derivations. Subsequently
the results in [7] were generalized by Zusmanovich [9], who gave a description
of δ-(super)derivations of prime Lie superalgebras, namely, he proved that a prime
Lie superalgebra has no non-trivial δ-(super)derivations for δ 6= −1, 0, 12 , 1. He
also showed that if a Lie superalgebra A is perfect ([A,A] = A) and has zero cen-
tre and a non-degenerate supersymmetric invariant bilinear form, then the space
of 12 -(super)derivations coincides with the (super)centroid of A. Furthermore, in
the case of positive characteristic he gave an affirmative answer to Filippov’s ques-
tion in [4] on the existence of zero-divisors in the ring of 12 -derivations of a prime
Lie algebra. The present author and Zhelyabin [10] considered δ-(super)derivations
of simple unital superalgebras of Jordan brackets. They showed that there are no
non-trivial δ-(super)derivations of simple superalgebras of Jordan brackets that are
not superalgebras of vector type and gave a description of the δ-(super)derivations of
simple finite-dimensional unital Jordan superalgebras over an algebraically closed
field of characteristic different from 2. As a consequence, a connection was dis-
covered between the existence of non-trivial δ-derivations of simple unital super-
algebras of Jordan brackets and the speciality of the superalgebra. The cycle
of papers describing the δ-(super)derivations of simple finite-dimensional Jordan
superalgebras includes the paper [11], which contains a complete description of the
δ-(super)derivations of semisimple finite-dimensional Jordan superalgebras over an
algebraically closed field of characteristic different from 2. In particular, examples
of non-trivial 12 -(super)derivations were constructed for simple non-unital finite-
dimensional Jordan superalgebras.
Here we consider δ-derivations of n-ary Filippov algebras, as well as of the ternary
Mal’tsev algebra M8. We point out that one of the sources of origin of Filippov
algebras was the Nambu mechanics proposed in [12]. Broad connections are cur-
rently known between problems in the theory of n-ary algebras and mathematical
physics, in particular, between Nambu mechanics and Chern–Simons theory (for
more details, see [13]–[19]).
§ 2. New examples of non-trivial δ-derivations of Filippov algebras
A Filippov algebra is an algebra L with one anticommutative n-ary operation
[x1, . . . , xn] satisfying the identity[
[x1, . . . , xn], y2, . . . , yn
]
=
n∑
i=1
[
x1, . . . , [xi, y2, . . . , yn], . . . , xn
]
.
A derivation of an n-ary algebra L is a linear map D satisfying the condition
D[x1, . . . , xn] =
n∑
i=1
[x1, . . . , D(xi), . . . , xn]. (2)
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By analogy with δ-derivations of binary algebras, as studied in the papers [3]–[11],
for a fixed element δ of the ground field we can define a δ-derivation of an n-ary
algebra as a linear map ϕ satisfying the condition
ϕ[x1, . . . , xn] = δ
n∑
i=1
[x1, . . . , ϕ(xi), . . . , xn]. (3)
Let
Γ(L) = {ψ ∈ End(A) | ψ([x1, . . . , xn]) = [x1, . . . , ψ(xi), . . . , xn]}
be the centroid of an algebra L. Clearly, in the case of an n-ary algebra L, every
element of Γ(L) is a 1n -derivation. A non-zero δ-derivation ϕ is considered to be
non-trivial if δ 6= 0, 1 and ϕ /∈ Γ(L). The cases δ = 0, 1 are trivial and therefore are
not considered in what follows.
Filippov [20] gave a description of n-ary algebras, which were subsequently called
Filippov algebras, of dimension n+1. Let A be an n-ary Filippov algebra, dim(A) =
n+ 1, and let {e1, . . . , en+1} be a basis of A. We write xˆi to denote the absence of
the component xi. For example, [x1, x2, xˆ3, x4] = [x1, x2, x4].
In accordance with Filippov’s classification, the n-ary Filippov algebras of dimen-
sion n+ 1 over an algebraically closed field F of characteristic different from 2 are
exhausted by the following n+ 4 families of algebras:
(A1) [e1, . . . , eˆi, . . . , en+1] = 0 for 1 6 i 6 n+ 1;
(B1) [e1, . . . , eˆi, . . . , en+1] = 0 for 1 < i 6 n+ 1, [e2, . . . , en+1] = e1;
(B2) [e1, . . . , eˆi, . . . , en+1] = 0 for 1 6 i 6 n, [e1, . . . , en] = e1;
(C1) [e1, . . . , eˆi, . . . , en+1] = 0 for 1 6 i 6 n− 1, [e1, . . . , eˆn, en+1] = en,
[e1, . . . , en] = αen+1, α 6= 0;
(C2) [e1, . . . , eˆi, . . . , en+1] = 0 for 1 6 i 6 n− 1, [e1, . . . , eˆn, en+1] = en + βen+1,
[e1, . . . , en] = en+1, β 6= 0;
(Dr) [e1, . . . , eˆi, . . . , en+1] = ei for 3 6 r 6 n+ 1 and 1 6 i 6 r,
[e1, . . . , eˆi, . . . , en+1] = 0 for r + 1 6 i 6 n+ 1.
In what follows we shall consider algebras over fields of characteristic zero, but
it is easy to see that some of our results can be extended to fields of positive
characteristic.
Let ϕ be a δ-derivation of an algebra A. Then we denote by [ϕ] the matrix of
the linear map ϕ in the basis {e1, . . . , en+1}. Thus, [ϕ(x)] = [x][ϕ], where [x] is the
row vector composed of the coordinates of the vector x in the basis {e1, . . . , en+1}.
Let {ϕ} and |{ϕ}| denote the set of diagonal elements of the matrix [ϕ] and its
cardinality, respectively.
It is easy to see that for an algebra of type (A1) any endomorphism is a δ-
derivation for any δ ∈ F .
Lemma 1. Let A be an algebra of type (B1) and ϕ a non-trivial δ-derivation of A.
Then |{ϕ}| > 2 and
ϕ(e1) = δ
n+1∑
k=2
βkke1, ϕ(ei) =
n+1∑
j=1
βijej , i > 2.
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Proof. Let ϕ(ei) =
∑n+1
j=1 βijej with βij ∈ F . We note that
ϕ(e1) = ϕ[e2, . . . , en+1] = δ
n+1∑
k=2
[e2, . . . , ϕ(ek), . . . , en+1] = δ
n+1∑
k=2
βkke1.
It is easy to see that the map given by the rule
ϕ(e1) = δ
n+1∑
k=2
βkke1, ϕ(ei) =
n+1∑
j=1
βijej , i > 2,
is a δ-derivation. Note that if |{ϕ}| = 1, then all the βii are equal to one another
and δ = 1n . In this case it is easy to show that ϕ ∈ Γ(A). 
Lemma 2. Let A be an algebra of type (B2) and ϕ a non-trivial δ-derivation of A.
Then |{ϕ} \ {βn+1,n+1}| > 2 and
ϕ(e1) =
δ
1− δ
n∑
k=2
βkke1, ϕ(en+1) = βn+1,n+1en+1,
ϕ(ei) =
n+1∑
j=1
βijej , 2 6 i 6 n.
Proof. Let ϕ(ei) =
∑n+1
j=1 βijej with βij ∈ F . We observe that
ϕ(e1) = ϕ[e1, . . . , en] = δ
n∑
k=1
[e1, . . . , ϕ(ek), . . . , en] = δ
n∑
k=1
βkke1,
whence β11 = δ1−δ
∑n
k=2 βkk. Note that
0 = ϕ[e1, . . . , eˆi, . . . , en+1] = δ[e1, . . . , eˆi, . . . , en, βn+1,iei],
which implies βn+1,i = 0 for i 6= n+ 1. It is easy to see that the map given by the
rule
ϕ(e1) =
δ
1− δ
n∑
k=2
βkke1, ϕ(en+1) = βn+1,n+1en+1,
ϕ(ei) =
n+1∑
j=1
βijej , 2 6 i 6 n,
is a δ-derivation. Note that if |{ϕ}\{βn+1,n+1}| = 1, then all the βii for i 6= n+1 are
equal to one another, and δ = 1n . In this case it is easy to show that ϕ ∈ Γ(A). 
Lemma 3. Let A be an algebra of type (C1) and ϕ a non-trivial δ-derivation of A.
Then [ϕ] =
(
A C
G B
)
, where A ∈ Mn−1, B ∈ M2, C ∈ Mn−1,2, G = 0 ∈ M2,n−1,
|{ϕ}| > 2, and for w = δ1−δ
∑n−1
k=1 βkk we have
B =
(
w βn,n+1
δ
α
βn,n+1 w
)
,
where βn,n+1 = 0 if δ 6= −1.
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Proof. Let ϕ(ei) =
∑n+1
j=1 βijej with βij ∈ F . We observe that
αϕ(en+1) = δ
n∑
k=1
[e1, . . . , ϕ(ek), . . . , en] = αδ
n∑
k=1
βkken+1 + δβn,n+1en,
whence
ϕ(en+1) = δ
n∑
k=1
βkken+1 +
δ
α
βn,n+1en.
It is easy to see that
ϕ(en) = ϕ[e1, . . . , en−1, en+1] = δ
n−1∑
k=1
βkken + δ2
n∑
k=1
βkken + δ2βn,n+1en+1,
whence we obtain that
βnn =
δ
1− δ
n−1∑
k=1
βkk,
βn+1,n+1 = δ
n∑
k=1
βkk = δ
( n−1∑
k=1
βkk +
δ
1− δ
n−1∑
k=1
βkk
)
=
δ
1− δ
n−1∑
k=1
βkk.
We also see that βn,n+1 = δ2βn,n+1, that is, βn,n+1 6= 0 only for δ = −1.
We set w = δ1−δ
∑n−1
k=1 βkk. It is easy to see that the map ϕ defined by the
formulae
ϕ(ei) =
n+1∑
j=1
βijej , i < n, ϕ(en) = wen + βn,n+1en+1,
ϕ(en+1) =
δ
α
βn,n+1en + wen+1,
where βn,n+1 = 0 if δ 6= −1, is a δ-derivation. Note that if |{ϕ}| = 1, then all
the βii are equal to one another, and δ = 1n . In this case it is easy to see that
ϕ ∈ Γ(A). 
Lemma 4. Let A be an algebra of type (C2) and ϕ a non-trivial δ-derivation of A.
Then [ϕ] =
(
A C
G B
)
, where A ∈ Mn−1, B ∈ M2, C ∈ Mn−1,2, G = 0 ∈ M2,n−1,
|{ϕ}| > 2, and
B =
δ tr(A)1− δ − βδ1 + δ γ γ
δγ
δ tr(A)
1− δ +
βδ
1 + δ
γ
 ,
where γ 6= 0 if δ 6= −β
2−2±
√
β4+4β2
2 or δ = −1.
Proof. Let ϕ(ei) =
∑n+1
j=1 βijej with βij ∈ F . We observe that
ϕ(en+1) = ϕ[e1, . . . , en] = δ
( n∑
i=1
βiien+1 + βn,n+1(en + βen+1)
)
= βn+1,nen + βn+1,n+1en+1.
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Therefore,
ϕ(en) + ββn+1,nen + ββn+1,n+1en+1 = ϕ(en + βen+1) = ϕ[e1, . . . , eˆn, en+1]
= δ
( n−1∑
i=1
βii(en + βen+1) + βn+1,nen+1 + βn+1,n+1(en + βen+1)
)
.
Writing θ =
∑n−1
i=1 βii, we find that
βnn = δθ + δβn+1,n+1 − ββn+1,n, (4)
βn,n+1 = δθβ + δβn+1,n + δββn+1,n+1 − ββn+1,n+1, (5)
βn+1,n = δβn,n+1, (6)
βn+1,n+1 = δθ + δβnn + δββn,n+1. (7)
By adding and subtracting (4) and (7) we obtain that
(1− δ)(βnn + βn+1,n+1) = 2δθ, (8)
(1 + δ)(βnn − βn+1,n+1) = −2δββn,n+1. (9)
It follows easily from (8) and (9) that for δ 6= −1 we have
βnn =
δθ
1− δ −
βδ
1 + δ
βn,n+1, (10)
βn+1,n+1 =
δθ
1− δ +
βδ
1 + δ
βn,n+1, (11)
and for δ = −1 we have βn+1,n = βn,n+1 = 0 and βnn = βn+1,n+1 = − θ2 .
Substituting the expressions for βn+1,n+1 and βn+1,n from equations (11) and
(6) into (5), we obtain that
(1− δ2)βn,n+1 = β
2δ(δ − 1)
1 + δ
βn,n+1,
that is, βn,n+1 6= 0 only for δ = −β
2−2±
√
β4+4β2
2 . Thus, we have shown that the
map ϕ has the form described in the statement of the theorem. Clearly, the map
thus defined is a δ-derivation. Note that if |{ϕ}| = 1, then all the βii are equal to
one another, and δ = 1n , that is, ϕ ∈ Γ(A). 
Lemma 5. Let A be an algebra of type (Dr) and ϕ a non-trivial δ-derivation
of A. Then [ϕ] =
(
A C
G B
)
, where A ∈ Mr , B ∈ Mn+1−r , C ∈ Mr,n+1−r , G = 0 ∈
Mn+1−r,r , and furthermore,
1) if δ = −1, then A = (aij), where aij = (−1)i−jaji, for i 6= j, and tr(A) =
− tr(B);
2) if δ = 1r−1 , then tr(B) = 0 and A = βE for β ∈ F ;
3) if δ 6= 1r−1 ,−1, then A = δ1+δ−rδ tr(B)E;
4) the conditions C = 0 and |{ϕ}| = 1 do not hold simultaneously.
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Proof. Let ϕ(ei) =
∑n+1
j=1 βijej with βij ∈ F . We observe that for i 6 r we have
ϕ(ei) = ϕ[e1, . . . , eˆi, . . . , en+1] = δ
∑
j 6=i
[e1, . . . , ϕ(ej), . . . , eˆi, . . . , en+1]
= δ
∑
j 6=i
βjjei + δ
∑
j6r,j 6=i
(−1)i−j+1βjiej .
Hence for j, i 6 r we have
βii = δ
∑
k 6=i
βkk, βij = (−1)i−j+1δβji = δ2βij ,
that is, for i, j 6 r, i 6= j, we have either βij = (−1)i−jβji and δ = −1, or βij = 0
and δ 6= −1. We also obtain that for i 6 r we have
(1 + δ)βii = δ
n+1∑
j=1
βjj ,
that is, either βii = β and δ 6= −1, or
∑n+1
j=1 βjj = 0 and δ = −1. Hence we see that
assertion 1) holds.
If δ 6= −1 and i 6 r, then
βii =
δ
1 + δ
tr[ϕ] =
rδ
1 + δ
βii +
δ
1 + δ
tr(B),
that is, either βii = δ1+δ−rδ tr(B) and δ 6= 1r−1 , or tr(B) = 0 and δ = 1r−1 .
When i > r, standard operations yield that
0 = ϕ[e1, . . . , eˆi, . . . , en+1] = δ
∑
j6r
βjiej ,
that is, βji = 0 if i > r and j 6 r, and so G = 0.
It is easy to see that a map ϕ defined as in the hypothesis of the lemma is
a δ-derivation.
We point out that when C 6= 0 the map ϕ is not an element of the centroid of
the algebra. Indeed, if βij is a non-zero component of the matrix C, then
ϕ(ei) 6= [e1, . . . , eˆi, . . . , ϕ(en+1)].
Hence assertion 4) holds. 
Theorem 6. Every non-simple (n+1)-dimensional n-ary Filippov algebra over an
algebraically closed field of characteristic zero has a non-trivial δ-derivation for
an arbitrary δ 6= 0, 1.
Proof. In accordance with the classification of (n + 1)-dimensional n-ary Filippov
algebras [20], all such algebras that are not simple are exhausted by the follow-
ing types: (A1), (B1), (B2), (C1), (C2), (Dr) for r 6= n + 1. Thus, the proof
of the theorem follows from the classification of algebras given above along with
Lemmas 1–5. 
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Theorem 7. Every simple finite-dimensional Filippov algebra over an algebraically
closed field of characteristic zero has non-trivial anti-derivations and does not have
non-trivial δ-derivations other than anti-derivations.
Proof. According to [21] every simple finite-dimensional n-ary Filippov algebra over
an algebraically closed field of characteristic zero is isomorphic to a simple n-ary
Filippov algebra of type (Dn+1), as first described by Filippov [20]. Thus, the
assertion of the theorem follows from Lemma 5. 
We point out that n-ary Filippov algebras of type (Dn+1) generalize (to the
case of n-ary operations) the well-known simple Lie algebra sl2, and coincide with
it when n = 2. Hopkins studied anti-derivations of simple finite-dimensional Lie
algebras in [1], where she constructed examples of non-trivial anti-derivations for
the algebra sl2. Our results agree with those in [1] and [3], [4] on anti-derivations and
δ-derivations of the simple Lie algebra sl2. Note that the derivations of simple finite-
dimensional Filippov algebras over an algebraically closed field of characteristic zero
were described in [20].
§ 3. δ-Derivations of the ternary Mal’tsev algebraM8
The class of n-ary Mal’tsev algebras was defined in [22] as a certain natural
class of n-ary algebras containing the class of n-ary algebras of a cross product of
vectors. At present the only known example of a simple n-ary Mal’tsev algebra
that is not a Filippov algebra is the simple ternary Mal’tsev algebra M8 arising
on an 8-dimensional composition algebra. The derivations of M8 were described
in [23], and in [24] its root decomposition was constructed and the structure of
a Z3-grading was introduced.
We define the n-ary Jacobian to be the following function defined on an n-ary
algebra:
J(x1, . . . , xn; y2, . . . , yn) =
[
[x1, . . . , xn], y2, . . . , yn
]
−
n∑
i=1
[
x1, . . . , [xi, y2, . . . , yn], . . . , xn
]
.
It follows from the definition that if A is an n-ary Filippov algebra, then
J(x1, . . . , xn; y2, . . . , yn) = 0
for all x1, . . . , xn, y2, . . . , yn ∈ A.
An n-ary Mal’tsev algebra (n > 3) is defined as an algebra L with one anti-
commutative n-ary operation [x1, . . . , xn] satisfying the identity
−J(zRx, x2, . . . , xn; y2, . . . , yn) = J(z, x2, . . . , xn; y2, . . . , yn)Rx,
where Rx = Rx2,...,xn is the operator of right multiplication: zRx = [z, x2, . . . , xn].
In what follows we assume that F is a field of characteristic different from 2, 3 and
denote by A a composition algebra over F with involution a → a and identity 1
(see, for example, [25]). We assume that the bilinear form (x, y) = 12 (xy + yx)
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defined on A is non-degenerate and denote by n(a) the norm of an element a ∈ A.
We define a ternary multiplication operation [ · , · , · ] on A by the rule
[x, y, z] = xyz − (y, z)x+ (x, z)y − (x, y)z.
Then A becomes a ternary Mal’tsev algebra [22], which is denoted by M(A), and
by M8 when dim(A) = 8.
Recall that a derivation of a ternary algebra is a linear map D satisfying equa-
tion (2) with n = 3. The derivations of M8 were described in [23] and it was shown
that every derivation is inner, that is,
Der(M8) = 〈[Rx,y, Rx,z] +Rx,[y,x,z] | x, y, z ∈M8〉.
By a δ-derivation of a ternary algebra we mean a linear map ϕ satisfying equa-
tion (3) with n = 3. In the case of a ternary algebra L, every element of the
centroid Γ(L) is clearly a 13 -derivation. We regard a non-zero δ-derivation ϕ as
non-trivial if δ 6= 0, 1 and ϕ /∈ Γ(L).
Let U be a subspace of V and let x ∈ V . Let x∣∣
U
denote the projection of the
vector x onto U .
Theorem 8. The ternary algebra M8 has no non-trivial δ-derivations.
Proof. Let 1, a, b, c be orthonormal vectors in A. We choose the following basis in A:
{e1 = 1, e2 = a, e3 = b, e4 = ab, e5 = c, e6 = ac, e7 = bc, e8 = abc}.
The operator Rx,y of right multiplication is said to be regular if in the Fitting
decomposition M = M0 ⊕M1 with respect to Rx,y the dimension of M0 is mini-
mal [24]. By Theorem 1 in [24] we have the following root decomposition of M8:
M = M0 ⊕Mα ⊕M−α, where α ∈ F is such that vRx,y = ±αv for any v ∈ M±α.
It is known from Lemma 3 in [24] that there exists a non-trivial grading on M8. If
we denote M±α by M±1, then
[Mi,Mj ,Mk] ⊆Mi+j+k (mod 3).
Let v ∈Mα. Then
αϕ(v) = ϕ(vRx,y) = δ
(
[ϕ(v), x, y] + [v, ϕ(x), y] + [v, x, ϕ(y)]
)
. (12)
We assume that
ϕ(v)
∣∣
Mα
= wα, ϕ(x)
∣∣
M0
= αxx+ βyy, ϕ(y)
∣∣
M0
= αyx+ βyy.
In view of these relations, equation (12) yields that wα =
αx+βy
1−δ δv. We observe
that by Lemma 1 in [24] the operators Rei,ei+ej and Rej ,ei+ej for i 6= j are regular.
Consequently, we can conclude that
αei + βei+ej
1− δ δv =
αej + βei+ej
1− δ δv,
whence αei = αej . Since
2αei
1−δ δ = αei , we obtain that either δ =
1
3 or αei = 0.
On δ-derivations of n-ary algebras 1159
For every i ∈ {2, . . . , 8} it is possible to choose j, k, l, m, s, t depending on i
such that
ei = ejek = elem = eset, (13)
ej = esem = ekei = etel, (14)
ek = eiej = emet = esel, (15)
el = emei = ekes = ejet, (16)
em = eiel = etek = ejes, (17)
es = elek = etei = emej , (18)
et = eies = ekem = elej . (19)
We can assume that ϕ(eq) =
∑8
p=1 aqpep. We already know that aqq = app and
that app = 0 when δ 6= 13 . Since
ϕ(es) = ϕ([ei, ej , el]) = δ
(
[ϕ(ei), ej , el] + [ei, ϕ(ej), el] + [ei, ej , ϕ(el)]
)
,
the corresponding multiplication operations yield that
8∑
p=1
aspep = δ(−aite1 + aikem − aimek + ai1et − aisei − ajme1 + aj1em
+ ajtek − ajket − ajsej + alke1 + altem − al1ek − almet − alsel).
(For example, [ei, el, ek] = (eiel)ek = (elei)ek = −emek = ekem = et.) Con-
sequently, asp = −δaps, where p ∈ {i, j, l}. Since the index i is arbitrary, the
relations (13)–(19) enable us to conclude that apq = −δaqp for all p, q ∈ {1, . . . , 8}.
Using this relation we can conclude that apq = −δaqp = δ2apq, whence we have
δ = −1 and apq = aqp or ϕ is trivial. We can now show that M8 has no non-trivial
anti-derivations. In what follows we follow the scheme of argument used above and
take into account the fact that δ = −1.
Suppose that −ϕ(et) = ϕ([ei, ek, el]). Then
−
8∑
p=1
atpep = −(ai1es − aijem + aimej − aise1 + aitei + ak1em + akjes
− akme1 − aksej + aktek + al1ej − alje1 − almes + alsem + altel),
whence we obtain that
ats = ai1 + ajk − aml. (20)
Suppose that ϕ(em) = ϕ([ei, ej , et]). Then
8∑
p=1
ampep = −(ai1el − aikes − aile1 + aimei − aisek + aj1es − ajkel
+ ajlek + ajmej − ajse1 + at1ek − atke1 − atles + atmet + atsel),
whence we obtain that
aml = ai1 − ajk + ats. (21)
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Suppose that −ϕ(et) = ϕ([ei, ej , em]). Then
−
8∑
p=1
atpep = −(ai1es − aikel + ailek − aise1 + aitei − aj1el − ajkes
+ ajle1 + ajsek + ajtej − am1ek + amke1 + amles − amsel + amtem),
whence we obtain that
ats = ai1 − ajk + aml. (22)
Suppose that −ϕ(es) = ϕ([ei, ek, em]). Then
−
8∑
p=1
aspep = −(−ai1et + aijel + aisei + aite1 − ailej − ak1el − akjet
+ aksek + aktej + akle1 + am1ej − amje1 + amsem + amtel − amlet),
whence we obtain that
ast = −ai1 − ajk − aml. (23)
We observe that equations (20) and (21) imply that
akj = ast, aml = ai1. (24)
The formulae (20) and (22) imply that
ai1 = ast, aml = akj , (25)
and the relations (23) and (24) imply that
ast = −aml. (26)
By analysing equations (24)–(26) we obtain that
ai1 = ast = aml = akj = 0.
Since the index i is arbitrary, we obtain from the relations (13)–(19) that the map ϕ
is trivial. 
Theorem 8 implies the existence of a simple n-ary Mal’tsev algebra over an alge-
braically closed field of characteristic zero that is not an n-ary Filippov algebra and
has no non-trivial δ-derivations, in contrast to the case of n-ary Filippov algebras
over an algebraically closed field of characteristic zero. We point out that these
results agree with those of Filippov [5] on the absence of non-trivial δ-derivations
on prime binary non-Lie Mal’tsev algebras.
We note that a partial generalization of the results of the present paper was
announced in [26], and a detailed survey of the main results in the theory of δ-
differential algebras and superalgebras was given in [27].
In conclusion the author thanks Professor A. P. Pozhidaev for his interest in the
work and constructive remarks.
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